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Abstract. The complete irreducible co-representations of the paramagnetic space group 
provide a simple and direct path to explore the symmetry restrictions of magnetically driven 
ferroelectricity. The method consists of a straightforward generalization of the method 
commonly used in the case of displacive modulated systems and allows us to determine, in a 
simple manner, the full magnetic symmetry of a given phase originated from a given magnetic 
order parameter. The potential ferroic and magneto-electric properties of that phase can then be 
established and the exact Landau free energy expansions can be derived from general 
symmetry considerations. 
In this work, this method is applied to the case of the orthorhombic rare-earth manganites 
RMnO3. This example will allow us to stress some specific points, such as the differences 
between commensurate or incommensurate magnetic phases regarding the ferroic and 
magnetoelectric properties, the possible stabilization of ferroelectricity by a single irreducible 
order parameter or the possible onset of a polarization oriented parallel to the magnetic 
modulation.  The specific example of TbMnO3 will be considered in more detail, in order to 
characterize the role played by the magneto-electric effect in the mechanism for the 
polarization rotation induced by an external magnetic field.  
1.  Introduction 
In the last few years, there has been a great deal of interest in several metal compounds, where 
ferroelectricity is induced by a transition to a complex magnetic state. Examples of this class of 
materials are systems like RMnO3 (R=Gd, Dy or Tb), RMn2O5 (R=Tb or Y), MnWO4, NiVa2O8, 
CoCr2O4, CuFeO2, CuO or some complex hexagonal ferrites like (Ba,Sr)2Zn2Fe12O22  [1-9]. In addition, 
some of these systems
 
show remarkable effects such as the ability of a magnetic field to rotate or 
stabilize an electrical polarization, as in the case of TbMnO3 or GdMnO3, respectively [10-12].  
In this class of materials, and in contrast with conventional multiferroics like BiFeO3 or BiMnO3, 
the paramagnetic phase is also paraelectric and the ferroelectric polarization is driven by a modulated 
magnetic order parameter. This improper ferroelectricity reveals therefore a close resemblance with 
that originated from lattice modulations, as in the case of systems like RbZn2Cl4, (C(NH3)4)2CoCl4 or 
(CH3)3NCH2COO.CaCl2.2H2O [13-15].  
The first efforts to understand this magnetically driven ferroelectricity have been mainly based on 
the search for microscopic mechanisms coupling magnetic moments and lattice displacements, such as 
the symmetric superexchange striction or the anti-symmetric exchange (Dzyaloshinskii-Moryia 
mechanism [16-17]). Also, phenomenological approaches like the so called “spin current” [18] or the 
“spiral formulation”[19] have been explored. Here, a spiral magnetic structure with a rotation axis 
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r
and modulation wavevector k
r
 breaks inversion and gives rise to a polarization keP
rrr
×// . However, 
a satisfactory and integrated description of the effect has not yet been achieved.  
 Establishing the symmetry constrains upon the onset of a polarization vector, toroidal moment or 
lattice distortion as a result of the stabilization of a given magnetic structure, independently of the 
microscopic mechanisms involved, is a valuable contribution to further understand the phenomena. 
Symmetry imposes a rigid framework for the possible interactions between the different degrees of 
freedom and guarantees the overall consistency of the observed laws. Moreover, given the direct 
connection between symmetry and phenomenology, via Landau theory, this represents a first step to 
establish more detailed models and to further elucidate the relevant microscopic mechanisms involved. 
The analysis of the symmetry requirements for a magnetically driven ferroelectricity has been 
pursued in a number of studies which have followed different approaches [20-23]. In this work, the 
method adopted uses the complete irreducible co-representations (CICR´s) of the magnetic space 
group G of the parent structure, in order to determine the full symmetry of a given modulated 
magnetic phase. The specific example of the orthorhombic rare-earth manganites RMnO3 will allow us 
to stress some aspects related to the possible ferroic properties of these compounds,  emphasizing 
points such as the role of the magneto-elastic coupling, the essential differences between 
commensurate and incommensurate modulations regarding the ferroic and magneto-electric properties 
or the possible onset of an improper polarization due to one irreducible magnetic order parameter. The 
specific case of TbMnO3 will be further considered, in order to establish the role of the magneto-
electric effect in the mechanism for the polarization rotation induced by an external magnetic field.  
2.  The method for the symmetry analysis:  the case of the RMnO3 compounds  
The approach of working with the CICR`s allows us to use full image of G in the order parameter 
space instead of considering only the unitary small representation of the vector k
r
, possibly 
complemented by the ad-hoc  inclusion of spatial inversion [20]. This has a number of advantages. In 
general, this method incorporates in a natural way the physical representations related to k
r
 and - k
r
, 
even if inversion is not a symmetry operation of G. Also, by integrating the full magnetic symmetry, 
this method allows us to analyze the possible stabilization of the different ferroic parameters, which 
are precisely distinguished by their different behaviour under spatial inversion and time reversal. 
Finally, the use of the CICR`s allows us to deal with commensurate and incommensurate phases in an 
unified way, to stress their differences regarding the possible magneto-electric coupling and to use the 
concept of superspace groups in the case of a magnetic incommensurate order parameter.  
Let us consider the example of the orthorhombic rare-earth manganites RMnO3. Here, G  is the 
paramagnetic group )´(Pnma , *1 )( aTk
rr δ=  (which corresponds to the Σ  line in the reciprocal cell), 
the star is { } { }kkkkk rrrrr −=== 21*1 ;  and the small co-representations are one-dimensional. The 
magnetic modulation in a given ordered phase will be described by the field 
Tki
jn
nj
neeSTS
rr
rrr •
∑=
,
),( νν , where ),( jke n
rr
ν  are the eigenvectors of the mode, ν  labels the spins in 
the reference unit cell and T
r
denotes a given unit cell of the original structure. The field S
r
 represents 
the magnetic order parameter (OP).  
The complete co-representation of G in the OP space will be formed by the set of matrices 
{ });,( 1 tRkDop rr  representing the symmetry operations { } GtR ⊂r;  in the vector space generated by the 
components njS . Then, the normal co-ordinates of the active mode will be transformed, under the 
action of{ }tR r; , as { }[ ] njmnijopmi StRkDS );,( 1´ rr= . This means that the knowledge of the matrices 
{ });,( 1 tRkDop rr  will allow us to characterize how the order parameter is transformed under the 
  
 
 
 
 
 
different symmetry operations of G and to establish, consequently, the symmetry of the modulated 
phase.  
For the RMnO3 compounds, and in the case of one irreducible OP, the field ),( νTS
rr
 can be simply 
written as xkixki eSeSxS
rrrr rrrr
⋅−⋅ += *)( . Here, Φ= ieSS 0
rr
is the eigenvector of the mode and Φ  its phase, 
defined with respect to the underlying discrete lattice. Note that, )(xS r
r
 is real ( kk SS rr
rr
−
=
* ) and, given 
its magnetic nature, odd under time reversal )()( xSxS r
rrr
−=θ .  
There are 12 irreducible magnetic eigenvectors generated by the four Mn spins per unit cell. If one 
labels the spins located at (o,o,½), (½,o,o), (o,½, ½) and (½, ½, o) as 1S
r
, 2S
r
, 3S
r
 and 4S
r
, respectively, 
then these eigenvectors S
r
 correspond to the components of the modes F( 4321 SSSS
rrrr
+++ ), 
G( 4321 SSSS
rrrr
+−− ), C( 4321 SSSS
rrrr
−+− ) and A( )4321 SSSS
rrrr
−−+ . Each of these eigenvectors 
is transformed according to one of the four CICR`s of G at *ak r
r
δ= : ))(,,( 1 gzyx AACG ∆→ , 
))(,,( 22 gxyz BAFG ∆→ , ))(,,( 33 gyzx BACF ∆→  and ))(,,( 14 gzxy BFCG ∆→ . Therefore, the 
set of matrices { })(gD)  specifying how the symmetry operations of G act on the vector space of a 
particular irreducible OP will correspond to a particular set of CICR matrices.  These sets can be 
readily obtained by following standard methods [24]. For the case of the magnetic space group 
)´(Pnma , the CICR matrices are listed, for example, in the table 1 of [23]. For a reducible OP, the 
{ });,( 1 tRkDop rr  matrices can be constructed from appropriate direct sums of the CICR matrices. 
If the modulation wavevector 1k
r
 is commensurate, the magnetic space group of the ordered phase 
G´ will be formed by the set of unitary and anti-unitary operations that leave the OP invariant. That is, 
if )(ˆ gD and )(ˆ gD θ  are respectively the matrices induced by the unitary and the anti-unitary 
operations { }tg r; and { }tg r;θ  of G in the vector space generated by the components of the OP, and if 
the conditions SSgDT
rr
=×× )(ˆˆ  or  SSgDT
rr
=×× *)(ˆˆ θ  hold, then { }Ttg rr +;  or { }Ttg rr +;θ  will 
belong to G´.  
If  1k
r
 is incommensurate, the symmetry of the ordered phase will be described by a magnetic 
superspace group. The reasoning leading to the notion of a superspace group can be entirely based on 
the invariance properties of the Landau free energy and it is essentially independent of the fact that the 
order parameter is of displacive or magnetic nature [25]. Evidently, if 1k
r
 is incommensurate, 
translational symmetry is lost along certain spatial directions. Consequently, the symmetry of the 
incommensurate phase cannot be described by one magnetic space group. However, the 
incommensurability of the structure in the ordered phase allows us to shift the phase of the order 
parameter without changing the free energy of the system. If a certain set of phase translations { }τr  
can be combined with a set { }tg r; of symmetry operations of G, in such a way that the generalized 
operations { }τ,; tg r  keep the free energy and the OP invariant and, in addition, obey  the product rule 
{ } { }=× 111222 ,;,; ττ rrrr tRtR { }12212212 )(,; ττ rrrr RtRtRR ℜ++ , then these operations can be seen as 
symmetry elements of the incommensurate structure. The matrix ℜ  given above is defined by the 
action of R on the wavevectors of the star { }*1kr  according to the procedure described in [25].   
Similar to the case of a commensurate wavevector, the incommensurate order parameter will be 
invariant under the action of the unitary { })(,; gtg τrr  or the anti-unitary { })(,; gtg θτθ rr   operations if 
SSgD
rrr
=××Γ )(ˆ)(ˆ τ  or SSgD
rrr
=××Γ *)(ˆ)(ˆ θτ . Here, )(ˆ τrΓ represents the matrix that expresses, in 
  
 
 
 
 
 
the space of the order parameter, the phase translation of the magnetic modulation. The set of the 
symmetry operations that verify these conditions and obey the product rule given above, form the 
magnetic superspace group of the incommensurate phase. 
3.  Some results for the RMnO3 compounds  
A detailed analysis of the symmetry, ferroic properties and free energy expansions of the magnetically 
modulated phases allowed in the case of the rare-earth manganites will not be considered here. In the 
following, we will focus on the results concerning some specific points. 
3.1.  Ferroelectricity can be induced by an irreducible and commensurate magnetic order parameter. 
The application of the method outlined above to the case of one irreducible and incommensurate 
(INC) order parameter shows that all the symmetry operations of G give rise to generalized symmetry 
operations of the incommensurate phase. There is, in this case, a one-to-one relationship between 
CICR`s and magnetic superspace groups: ∆1→ )( 111nmaa PP , ∆2→ )( 11nmaSa PP , ∆3→ )( 1nmaSSa PP  and 
∆4→ )( 11nmaSa PP [26]. In particular, spatial inversion and time reversal are kept as symmetry operations 
of the incommensurate structure, when complemented by a phase shift of the modulation 
corresponding to Φ or pi , respectively ({ } { }2/1,000;,,000; θΦi ). This means that, in the case of the 
RMnO3 compounds, one irreducible and incommensurate phase can never give rise to a polarization P, 
a magnetization M or a toroidal moment T. Also, the linear magneto-electric tensor must be null. 
Homogeneous lattice deformations of symmetry Ag are allowed, together with the lattice modulations 
)2(11 kne
r
, )2(22 kne
r
 or )2(33 kne
r
, with n integer. Among these, the more important will be those 
with n=1, which correspond to the elastic modulations with one-half of the wavelength of the 
magnetic modulation detected experimentally. These lattice modulations are secondary distortions and 
play no role in the definition of the ferroic properties of a given phase.  
However, ferroelectricity can arise in the case of one irreducible OP if *ak r
r
δ= is commensurate 
(C). In this case, the symmetry of the modulated phase will depend on the type of the modulation 
wavevector (that is, on the odd (even) value of the integers in the fraction describingδ ), the CICR of 
the OP and the global phase Φ . In the case of ml 2/)12( +=δ  and ml 4/)12( pi+=Φ  (l and m 
integers), the possible magnetic space groups are )2( 1PnmPa and )2( 1PnaPa , if the order parameter 
has a symmetry 1∆  or 2∆  and 3∆  or 4∆ , respectively. Here, a polarization zP  is allowed. The 
possibility that a polarization may result from an irreducible magnetic OP and the role played by the 
global phase Φ  of the OP have been often overlooked. If ml 2/)12( +=δ  and 0=Φ , the phase 
will be ferroelastic ( 0≠xze ), regardless of the symmetry of the OP. Ferrotoroidal moments and the 
linear magnetoelectric effect can occur only if )12/()12( ++= mlδ  or )12/(2 += mlδ  when 
0≠Φ , while ferromagnetism is possible for this type of wavevector only if 0=Φ . These 
conclusions stress the essential difference between C and INC phases regarding the possible secondary 
parameters. 
3.2.  The case of a reducible and incommensurate OP  
The possible superspace groups obtained for one incommensurate and reducible OP will depend not 
only on the irreducible representations chosen but also on the phase difference between the irreducible 
components of the modulation. The different possible symmetries of magnetic phases resulting from 
the combinations of different pairs of irreducible co-representations show that a polarization can arise 
in the cases anticipated from the “spiral picture”: if the phase difference between the components is 
2/pi=∆Φ , the magnetic superspace groups allow spontaneous polarizations along the b-axis (in the 
cases 41 ∆+∆ , )( 1211 anSa PP , and 32 ∆+∆ , )( 121 anSSa PP ) or along the c-axis (in the cases 
  
 
 
 
 
 
21 ∆+∆ , )( 12111nma PP , and 34 ∆+∆ , )( 121nmSSa PP ). In addition, a polarization parallel to the modulation 
wavevector can arise, if the modulated phase originates from two components of the same symmetry. 
For example, the OP yx CG +  (symmetry 11 ∆+∆ ) will give rise to a phase with the symmetry 
)( 12111 maa PP and, consequently, to a polarization aP
rr // , if 0≠∆Φ . 
The generalized time reversal operation { }2/1,000;θ , denoted by the prefix Pa in the labeling of 
the symmetry groups given above, is always a symmetry operation of this type of magnetic phase. 
Consequently, homogeneous magnetizations, toroidal moments and linear magneto-electric 
coefficients are forbidden by symmetry. For example, in the case of the cycloidal phase of TbMnO3 
(symmetry 32 ∆+∆ , OP yx AA + , 2/pi=∆Φ ), the magnetic superspace group is ( )anSSa PP 121 . This 
phase is polar along the b-axis ( 0≠yP ), as observed, but it is neither magneto-electric nor multi-
ferroic. If 0=∆Φ , the superspace group would be )(
1211
11
a
Sa PP  and a homogeneous lattice deformation 
xye  would occur. For a general phase difference between the two components of the order parameter, 
the superspace group is )( 1111 aSa PP and, in addition to the secondary modes Py and xye  previously 
mentioned, Px is also possible. Only in the case of a general ∆Φ , the system is an elasto-electric bi-
ferroic, as a ferroeastic deformation and a spontaneous ferroelectric polarization co-exist. However, 
magneto-electric bi-ferroicity is forbidden. 
 
3.3-Reducible C- phases: a complex landscape 
The case of a reducible and commensurate phase is more complex because, in this case, the symmetry 
of the modulated phase depends both on the relative and global phases of the irreducible components 
of the OP. Let us consider, as illustrative examples, the cases of commensurate phases with 4/1=δ  
resulting from modulations with symmetry 32 ∆+∆  or 12 ∆+∆ . In the first case ( 32 ∆+∆ ), the 
possible magnetic space groups are )1(PPa if 032 =Φ=Φ , )112( 1PPa  if 8/32 pi=Φ=Φ , 
)112( 1PPa  if 2/,0 )2(3)3(2 pi=Φ=Φ  or )1(PPa , in the other cases. Note that one OP of this 
symmetry can stabilize phases that are polar either along the b-axis ( )112( 1PPa ) or along the c-axis 
( )112( 1PPa ). Note also that, in the latter case, the components of the OP would be in-phase. In the 
second example ( 12 ∆+∆ ), the possible magnetic space groups would be )1
21( 1
m
PPa  if 
012 =Φ=Φ , )2( 1PnmPa  if 8/5,8/ )2(1)1(2 pipi =Φ=Φ (or equivalent domains) or )11( mPPa , in 
the other cases.  
In TbMnO3, the phase stable at zero magnetic field below Tc2=28K is a 32 ∆+∆  (mode yx AA + ) 
incommensurate cycloidal phase with 2/pi=∆Φ  [27]. As seen, this phase has symmetry )( 121 anSSa PP  
and it is polar along the b-axis. Above a critical threshold, an external magnetic field induces a 
transition to a 4/1=δ  commensurate phase, polar along the c-axis. The magnetic structure of this 
field induced phase has recently been identified as a  12 ∆+∆  phase (mode zx AA + ), with 2/pi≈∆Φ  
[28]. Its symmetry may therefore correspond either to )11( mPPa  or )2( 1PnmPa , depending on the 
global phases adopted. Given that P is parallel to the c-axis, the latter case must be chosen. Here, the 
importance of the global phases is again stressed. In such a case, the field induced transition is 
)( 121 anSSa PP → )2( 1PnmPa , which implies a rotation of the plane of the cycloid (in agreement with the 
  
 
 
 
 
 
“spiral picture”) and a change of the symmetry of the order parameter, along with a rotation of the 
polarization from the b-axis to the c-axis.  However, another possibility could be a transition to the 
phase )112( 1PPa  (a yx AA +  phase with 8/32 pi=Φ=Φ  (or equivalent phases 8/)12( pi+n )), 
which would also allow for a polarization strictly directed along the c-axis,  maintaining the symmetry 
32 ∆+∆  of the OP. This possibility, for example, is not commonly taken into account and can not be 
anticipated from the usual “spiral picture”. 
4.  Magneto-electric effect and the polarization rotation under field: the example of TbMnO3 
In both the cases considered above, a field driven transition from )( 121 anSSa PP  to )2( 1PnmPa  or 
)112( 1PPa involves phases with a symmetry that forbids a linear magneto-electric effect. In these 
circumstances, can the magneto-electric effect play a relevant role in the mechanism for the field 
driven rotation of the electric polarization?  
The transition from the cycloidal INC phase to the cycloidal C phase, observed in TbMnO3 under a 
magnetic field, is found to be mediated by an intermediate phase [29]. Therefore, in order to answer  
the question above, one must first clarify the origin of a phase sequence )2(?)( 121 1 PnmPPP aanSSa →→  
and elucidate the nature and the magneto-electric properties of the intermediate phase.  
The mechanism for the field induced destabilization of the cycloidal )( 121 anSSa PP  phase in TbMnO3 
has been recently analyzed [30]. The form of the free energy expansion for the case of this 
incommensurate phase is entirely dictated by the symmetry of the OP:  
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Here, we have considered the external magnetic field B and the induced magnetization M, together 
with a coupling term between M and the invariant )2cos(2322 ϕSS , which depends on the relative phase 
ϕ=∆Φ . The equilibrium value of ϕ  will depend on the external field and on the relative values of 
the expansion coefficients. Let [ ]ey kk 2/2/ 222111 ννγγ −+=  and [ ]xk/2 2322 νγγ += . The higher 
symmetry solutions 0=ϕ  or 2/piϕ =  will be stable if [ ] 0)()2cos( 22232221 >∆++ − ϕµϕγγ BSS  or [ ] 0)()2cos( 22232221 >∆++ − ϕµϕγγ BSS , respectively. At zero field, the latter condition is verified 
experimentally, implying that [ ] 0232221 >− SSγγ  . Also, the destabilization of the cycloidal polar phase 
by the external magnetic field requires that 0<∆ . Under these conditions, the INC phase is 
destabilized by a magnetic field 1cBB > , where 1cB  is given by: 
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These results have been established in [30]. One can, however, explore a little further this 
mechanism. Let us first note that the phase 0=ϕ  is potentially stabilized for fields 2cBB > , where:  
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If, for simplicity, we assume that ∆>>µ , so that µϕµ ≈)( , then 12322222122 2
−∆+≈ SSBB cc γµ . 
Since 02 >γ , 12 cc BB > . This means that, for the intermediate field range 21 cc BBB << , the phases 
corresponding to 2/piϕ =  and 0=ϕ  will be both unstable and there must necessarily exist an 
intermediate phase of  lower symmetry. The stability of this intermediate phase requires that: 
 
 






−
∆
≈ 1
2
22
3
2
22
1)2cos( γ
µγ
ϕ B
SS
                                                (4)   
 
If B=Bc1, this condition imposes 2/piϕ = . If B=Bc2, then 0=ϕ . That is, above Bc1, the field drives a 
continuous variation of the relative phase of the two components of the spin modulation, 
from 2/piϕ =  to 0=ϕ . This drift of ϕ  reduces, as seen, the symmetry of the phase from 
)( 121 anSSa PP to )( 1111 aSa PP , if we neglect the breaking of { }2/1,000;θ and mirror symmetry induced by the 
external magnetic field. This reduction of symmetry costs energy and allows the onset of an effective 
and non-linear magnetoelectric coupling. The increase in energy with respect to the polar cycloidal 
phase 2/piϕ =  can be expressed as a function of the magnetic field as: 
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Also, in the intermediate field range, the effective magneto-electric and magneto-elastic coupling can 
be explicitly established from the field dependence of the secondary parameters: 
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The increase of the energy of the intermediate )( 1111 aSa PP  phase, given by (5), is driven by the 
magnetic field via non-linear magneto-electric and magneto-elastic effects. This reduces the relative 
stability of the phase with respect to potential competing phases. In this process, the magneto-electric 
coupling induces a rotation of the polarization but solely in the ab-plane. The rotation of the 
  
 
 
 
 
 
polarization from the ab-plane to the c-axis results from a separate mechanism: the stabilization, via a 
first order transition, of a different competing (commensurate) phase.  
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